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DEFINITION OF SYMBOLS

subscripts used in the definitions

a bar below a gquantity indicates a vector
cosine (before greek letter)
normalized torque command [1/s]

component of the ith CMG angular momentum vector along the
orbit normal [Nms]

unit vector along the ith CMG and its components in vehicle space
unit vector along orbit normal (north)

normalized cross product of the angular momentum vectors of the
CMG's of the kth pair and its magnitude

sum of the e_ 's squared

Pk

normalized sum of the kth pair and its magnitude
=8 t+tete

angle function [(rad)n]

variable gain

angular momentum vector and its magnitude [Nms]
dot product for kth CMG pair [ (Nms)?]

angular momentum of the ith CMG and its magnitude [Nmsg]
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H
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DEFINITION OF SYMBOLS (Continued)

nominal CMG angular momentum magnitude [Nms]
cross product of the CMG's of pair k and its magnitude [ (Nms)?]

sum of the HPk's squared [ (Nms)?]

sum of the angular momenta of the CMG's of pair k [Nms]
angular momentum change of pair k sum [Nm]

angular momentum difference between initial and final ESk [Nms]
CMG total angular momentum [Nms]

change of ET [Nm]

distribution and rotation gain, respectively [1/s]

exponent

sine (before greek letter)

rotational-sense functions

limi
imit on all Skmi and STml
tangent (before greek letter)

CMG torque command and its components in vehicle space [Nm]

component of torque command perpendicular to the sum of pair A
(in IC—_IjSA—plane) [Nm]

component of torque command along sum of pair A [Nm]
torque on vehicle caused by CMG's [Nm]

unit vector perpendicular to both CMG's of pair A
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DEFINITION OF SYMBOLS (Continued)

unit vector along pair A sum

unit vector perpendicular to pair S sum and IC

angle between the CMG angular momentum vectors and pair A sum
(for the case of Hi = HN) [ rad)

initial and final angles between ith CMG vector and pair sum [rad],
respectively.

change of a, [rad/s]

change in direction of H A [ rad]

—.S
= [611 512 6i3]T CMG angular velocity caused by gimbal angle

rates and its components in vehicle space [rad/s]
inner and outer gimbal angles of the ith CMG [rad], respectively
gimbal angle rates [rad/s]

rotational rate of kth pair about the vector sum caused by distribution
law [rad/s]

rotational rate of kth pair about the vector sum [rad/s]

constituents of €R of pair k caused by 6m [rad/s]

(1)

rotational rate about pair k sum caused by rotation law [rad/s]

rotational rate of all CMG vectors about the total vector sum
[rad/s]

constituents of GT caused by 6m [rad/s]

(1)

vehicle angular velocity [rad/s]

CMG i angular velocity with respect to the vehicle and its
components in vehicle space [rad/s]
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—RT
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DEFINITION OF SYMBOLS (Concluded)

CMG angular velocity used for scissoring |rad/s] (arbitrary H
case)

CMG angular velocity used for scissoring (nominal H case)
[rad/s]

CMG angular velocity caused by R&D laws about pair k sum
|rad/s]

CMG angular velocity caused by R law about total sum [rad/s]

CMG angular velocity used for rotating of pair k as a unit
[rad/s]
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TECHNICAL MEMORANDUM X-64536

A CONTROL LAW FOR DOUBLE-GIMBALED CONTROL MOMENT
GYROS USED FOR SPACE VEHICLE ATTITUDE CONTROL

SUMMARY

Space vehicle attitude control, which utilizes control moment gyros
(CMG's) to develop the necessary control torques, requires the generation of
CMG gimbal rate commands in-such a way that the resulting precessional
torques on the space vehicle equal the desired control torques; i.e., no torque
crosscoupling occurs. Consideration of the combined effect of a pair of double-
gimbaled CMG's allows the generation of a no-crosscoupling CMG control law
on the basis of easily understandable kinematic relationships. For the control
law presented, the only difference between the commanded and the actual con-
trol torgues exerted on the space station is caused by the difference between
the commanded and the actual gimbal rates. The control law is expanded from
the application to one CMG pair to the application to three CMG's. Three CMG
pairs can then be formed and the desired control torque can be split between
them according to their relative control capability. Skylab-A is used as an
example for the utilization of the excessive degrees of freedom to better distri-
bute the CMG angular momentum vectors with respect to each other or their
gimbal stops without an effect on the total CMG angular momenttim; i.e., with-
out resulting in a net torque on the space vehicle, The general development
of the CMG control law assumes arbitrary CMG momentum magnitudes; but it
is also shown that the expressions can be simplified if it is assumed that all
CMG angular momentum magnitudes are equal. This simplified version is
presently used for control of the CMG's on Skylab-A.

INTRODUCTION

It is desirable for many space vehicles (especially for an orbiting
space vehicle like Skylab) [1-4] to have an angular momentum storage device
on board to accommodate cyclic angular momentum accumulations. This saves
thruster attitude control fuel and simultaneously allows the reduction of the
attitude error. Often three double-gimbaled control moment gyros (CMG's)
are used. Then the need arises to command six gimbal angle rates to
create a control torque on the vehicle which matches the commanded torque.



CMG control laws comtemplated in the past such as the cross product steering
law [1, 2] resulted in crosscoupling; i.e. the actual torque deviated from the
commanded torque in magnitude and direction, even when ideal! CMG's were
assumed. This report shows that the crosscoupling can be eliminated from the
control of the CMG's by a law which considers the CMG's always in pairs,
under the assumption that the CMG's are ideal.

For convenience, the control law is broken down into a steering law
(which is the control law proper, and the only one to result in a net control
torque on the vehicle) and two rotation laws. The conventions and the
nomenclature of Skylab-A will be used throughout the development. The fact
that failure of a single CMG necessitates two-CMG operations has also been
kept in mind throughout the development.

DEVELOPMENT OF A NO-CROSSCOUPLING STEERING
LAW FOR A CMG PAIR

Attitude control of a space vehicle is always achieved by application

of a control torque IV on the vehicle. For a CMG system with a total angular

momentum H,_ the relationship holds

T

EV = - HT (1)

where ET is the change rate of E’I‘ with respect to inertial space. The problem

is therefore how to effect the desired CMG angular momentum change rate I{_T.

The assumption is made that each CMG has a fixed, though arbitrary,
angular momentum magnitude, generally different from the magnitudes of the
other CMG's., Elimination of the crosscoupling in the CMG steering law requires
that the actual angular momentum change is equal to the desired momentum
change under the assumption that the commanded and the actual gimbal rates
are equal. While one CMG cannot satisfy this condition, it is relatively easy
for a pair of CMG's. This will be shown on pair A (CMG's 1 and 2) as an
example; in the next section the steering law will be expanded to the other
possible pairings. H; and H, are the angular momentum vectors of CMG's 1
and 2, with the initial positions indicated by the subscript I and the final by the

1. A control moment gyro which has no gimbal inertia, whose angular
momentum magnitude and direction are known exactly, and which follows
the commanded gimbal rates exactly.



subscript F. The desired momentum change is shown in Figure 1 as a momen-

. the initial pai H he fi .
tum difference AH A between the initial pair sum Hort and the final pair sum

H SAF" The angular momentum vectors are all shown lying in the same plane

as IiSAI and ESAF' This was done for clarity, but it would generally not be

the case. On the other hand, B—S A is not disturbed by a rotation about itself

and a rotation is therefore permissible for the development of the momentum
change (it is indicative of the fact that one degree of freedom remains, which
will be treated later).

Figure 1. Momentum change.

The change of E‘S will be broken down into a rotation g of H_ = (a

A —SA
rotation of the CMG vector pair as a unit) and into a change in magnitude of
ESA by a change of the angles @y and o, (scissoring action of the momentum

vectors with respect to each other). Of course, both motions occur simulta-
neously. It might be of interest to note that the sum HSA has not only an upper

limit (H; + H;) when the angular momentum vectors are parallel, but also a
lower limit (|H; - H,!) when the vectors are antiparallel. The latter becomes
important for two-CMG operation.



Before the angular velocities for pair rotation and scissoring are
developed, it is convenient to define the following quantities (a bar below a
letter indicates a vector; a quantity without a bar indicates either a scalar
or a vector magnitude) ;

ESA = Hy + H, [Nms] pair sum (2)

Ho, = Hi- H [(Nms)?] pair dot product (3)

EPA = Hy x Hy [ (Nms)?] pair cross product (4)

Ton ™ Hon L e norired momnt
change?)

ug = ~SA/H unit vector along pair sum (6)

u = H /H unit vector perpendicular (7)

P —_—
PA — PA to both Hy and H,

Uy = (ESA —CA) / !ESA ECAI unit vector perpendicular (8)
T
to both ESA and Tea
TCAP = U ICA = HSA [Nm] component ofICA along  (9)
pair sum
TCAX = l_uJS X ICA' [Nm] component Of—CA (10)
perpendicular to pair sum
\
i =1,2,3 (11)
J = 1,23 (12)
> subscripts used
k = A, B,C throughout (13)
m = 1,3 (14)

2. Note that a positive torque command for the CMG's results in a negative
torque (reaction) on the vehicle.



The pair rotation will be proportional to T and the necessary

CAX

angular velocity command w_ , will be along the unit vector Uy The effective-

XA
ness of ng is proportional to HSA and we get
“xa = Teax®x/Msa (15)
or
— 2
Oxa = By ¥ Top)/ Mgy (16)

Figure 1 will be used as an aid in the development of the angular rate

command Doy and EO-PAZ needed for scissoring. They will be proportional
to the component TCAP = HSA' The angular velocity for scissoring will be
w .= Q4 u 17)
—PA1 1=p (
and
Ypag T O‘Z.Llp . (18)

The following two equations hold

Hjcay + Hycay = HSA (19)
Hysay + Hysay = 0 . (20)
Differentiation yields
-Hysa; -Hysa,| |dy HSA
- (21)
Hjca; Hycoy | [a, 0
or
Gy = HzcazﬂSA/HPA (22)
Gy = —HicaiﬂsA/HPA (23)



with

an
|

PA H{H, (saycay - caysay)

Il

H1H25 (az - 011)

[Hy x Hp| . (24)

With the relationships

Hicay = Hy - ug = (H + Hy - Hy) /Hg, (25)
Hpca, = Hy - ug = (Hf + Hy - Hy)/Hg, (26)
Hea = Teap (27)

and equations (22) and (23), equations (17) and (18) become

_ 2
Wpay = HE+ Hp ) He, - ToOH pa/ (HgpHp, ) (28)
Wong = “EE+ Hp ) (Hg o T/ MHo 5 (29)

Both CMG's participate in the pair rotation through w XA [ equation (16)]) and in

the scissoring through 2PA1 and EPAZ [equations (28) and (29)] such that the

angular velocity commands are

wYi = EXA-*- EPAi - ‘QV (30)
Wy = Dyp T Yppp T By (31)
The angular velocity of the vehicle must be subtracted since wa, CINE and

EPAZ are with respect to inertial space (otherwise E # T), but w; and w, are

with respect to the vehicle).



EXPANS ION OF NO-CROSSCOUPLING STEERING
LAW TO THREE CMG's

When three CMG's are operative, they can be paired three ways: H;
and H, form pair A, H, and Hy form pair B, and Hy and H; form pair, C. Each
CMG participates in two pairings and the resulting angular velocities must be
added. Basically each pair can produce the commanded torque and a means
must be found to split the total command into individual pair commands in such

a way that the pair capabilities are considered. Equation (16) shows that YvA

is proportional to 1/HSA and equation (28) or (29) shows that the gRAi'S are

proportional to 1/H Since HP 4 80€8 to zero when H_, reaches its minimum

PA° SA
(zero for H; = H,), the splitting or prorating will be done with a function of
HP A (prorating must be identical for w_, and w of the same pair). While

Xk Pki
prorating with HP directly will make the w's insensitive to H_ when H

k Pk Pk

goes to zero, it is desirable to have the angular velocity commands go to zero too,
so that the case of one-CMG-out (i.e., failure of a single CMG) can be accepted
without modification. Prorating is therefore done with HPkZ'

Before the variable gains used for prorating (splitting) of the torque
command are developed, it is convenient to add the following definitions.

H, = H+H [Nms] (32)
Bp = B+L [Nms] (33)
Esc = Hy + Hy [Nms] (34)
Hy = Hy+ H + H [Nms] (35)
Ho, = H-H [ (NMS)?] (36)
Hip = H- 5 [ (Nms)?] (37)
Ho = H-H [ (Nms)?] (38)
Hp, = HixH [ (Nms)?] (39)



= H, x Hy [ (Nms)?]
= HyxH [ (Nms)?]
= H_2+H__2+H_2 [(Nms)!]

PA PB PC

(40)

(41)

(42)

With the above definitions and the preceding discussion, the variable prorating

gains become

- 2 2
Gy HPA /ZHP
_ 2 2
GrB - HPB /ZHP
GC Hpeo /ZHP

and the torque commands become

A

(I)H

B

C')H

Lec

(J)H

G
A

G
B

(]}H

G, T
c—<

(43)

(44)

(45)

(46)

(47)

(48)

The angular velocity commands for pair A from equations (16), (28), and (29)

are now

i

“xA

i

“pat

i

2
(1/Hg,*) (Hy, x T.,)

Lea

2
(GA/HSA)(H X gc)

[/ (g, * 2 ) gy > ) (49)
[(HZZ +Hp ) gy o T )/ Hg, PAZ}:I ~PpA
[GA(HZZ Hpa) Bgy + To)/ (Hg *Hp, )]EPA
[(sz +H_ ) (Hg, - T)/(Hg,? zH 2):| H,, (50)



_ [i2 ) 2 2
Ypaz ~ [(Hi * Hp ) (Hgy - T/ (Hgy ZHP):|EPA

(51)

The angular velocity commands for all pairs are then (pair A commands are

repeated for completeness)

_ 2 2 2

%A [HPA / (Bgp ZHP)] (Hypy x I
_ 2 2 2

YxB T [HPB/(HSB ZHp )} (Hgp * L)
— 2 2 2

Yxc ,:HPC / (Hgq ZHP)] (Heo x I)

_ 2 . 2 2
Ypat " [(HZ * Hp ) Hgy - To)/(Hgy ZHP)]EPA

_ 2 . 2 2
Y pB2 [(H3 + Hpp) Bgp + Lo)/ (Hgp ZHP)]EPB
- 2 ) 2 2
“pcs [(Hl * Hpo) g+ To)/ (Hgo® ZHG) Hyy o

= _[(nz . 2 2y
©ppaz = 7| WL+ Hp ) He, o To)/(Hy ) * ZH ):’EPA
N ) 2 2
“pB3 _(H2 + Hyp) Hgp » Io)/ (Hgy ZHP):]EPB
w =—F(H2+H JH. . - T )/(H. *=H ?|H
=PC1 8 DC’ '=sC == SC P’ |=pC

The CMG angular velocity commands resulting from the steering law are

+ W

= + + -
91T Oxa T Cpay T 8o T Upey T 2y

Y2 = Oxp T Yppa t Uxa T Ypas T &y

= + + + - ¢
Y3 = Oyc t ¥%pos Bt Ypps T Ly

(52)

(53)

(54)

(55)

(56)

(57)

(58)

(59)

(60)

(61)

(62)

(63)

Appendix A shows that equations (52) and (60) can be simplified if the

angular momenta of the CMG's are equal,

Appendix B shows that the actual torque T is equal to the commanded

torque IC if the commanded and the actual gimbal rates are equal.



TRANSFORMATION OF A GENERAL RATE INTO GIMBAL RATES

The angular velocity commands [equations (61) to (63)] are generally
not perpendicular to the CMG angular momentum vectors and do not depend
on the CMG mounting configuration. The gimbal rate commands obviously do
depend on the mounting orientation of the individual CMG, The CMG mounting
configuration for Skylab-A is used (Figure 2). This configuration is cyclicly
permutable and the gimbal rates will be developed for CMG 1 and then
permuted for the other two,

The momentum change of CMG 1 resulting from the commanded
velocity w; should also result from 6; (where it is assumed that the actual and
the commanded gimbal rates are equal):

Wy x Hy = & x Hy (64)
or
(@i - &) xH =0 . (65)
Geometric relationships give (s = sin, ¢ = cos)
f-_,_é 50 ]
1(1)°7°3(1)
&= 0y ()0 )
-6 66

+c<51(1)063(1)7

-C

[
I
IS

% (1)%% (1)

(67)

L _861(1)

With equations (66) and (67), equation (65) results in

_(wiz - 61(1)063(1))361(1) +<w13 + 63(1))051(1)8(53(1) = 0 (68)

10
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Figure 2, Control moment gyro orientations.
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(w13

- (“11 B 61(1)“3(1))‘:51(1)563(1)

- (wiz - ¢

Equation (70) yields

* 63(1)>C‘51(1)C‘33(1) * (‘*’11 - 61(1)863(1)>Sé3(1)

1(1)063(1)>°61(1)063(1)

® (1) 031y T “12%%1)

This result inserted into equation (68) or (69) yields (t = tan)

1) = 't‘51(1)<°’11°63(1) } “’12563(1)) BT

Putting equations (71) and (72) in matrix form and permuting for CMG's 2

and 3 results in

; ]
° 1) 50 1) 0y 1) 01 1944
% (1) 0 1% 1) r1)%°51) Y [“iz

13

) 50 cé -co ]
1(2) 3(2) 3(2) 21
%3 2) [1 0, 2)%%2) Y1(2)%%2)| [“22
“a3

5 [ T
% (3) ¢ (3) 0 504 3) “34
% (3) 0 3% 3) " TP se)| |Ysz
w( ©

| 33

12

=0

(69)

(70)

(71)

(72)

(73)

(74)

(75)



The direction cosines of the CMG's are usually available and we define e to

be a unit vector along the angular momentum vector of the ith CMG with the
following result (for the Skylab-A CMG configuration, Figure 2):

—e“- -+061(1)063(1)1
& T 2| 7% 1)%% )
Le13- i _861(1) | (76)
eyl [ S0
28 T %] T %1 2)%%(2)
LeZ?’d ~¢0 (5593 3) | (77)
[ eSIW r—061(3) 363(3) )
E3 7 |32 =50 (3)
L-e33 | _+c<51 (3)c63(3) | (78)
Equations (73), (74), and (75) can now be expressed in terms of the e, ,
With the additional definitions of N
e, = 1/051(1) = 11 - e132 (79)
ey, = 1/061(2) = 11 - e212 (80)
€y = 1/061(3) = 11 - e322 (81)
the result is
61(1) = 03 (8 ¥ip T 8%y y) (82)
61(2) = Gy (BgpWog = Co3oy) (83)

13



61(3) = gy (Cg55y  €54%90) (84)
63(1) = (egg)feygleg @y T ew ) S Wy (85)
53(2) = (ey )Py (eyywyy + €pwyg) - @y (86)
63(3) = (egy) ey, (eg @y + egywy)) - wg, (87)

where it should be remembered that w. = col(w, , w.. w. ) can be any
. —i i1 12 i3
angular velocity.

ROTATION LAWS

Three of the six degrees of freedom of the CMG configuration are
used for the generation of a control torque on the vehicle. The remaining
three are the rotations of the pairs about their sums (and also a rotation of
all three CMG's together about their total sum which is a linear combination
of the sum rotations). All these rotations do not result in a momentum
change; i.e., no torque is exerted on the vehicle. The rotations have the
following form:

Wpa = €a gy Hgy) (88)
“pp - “pHsp/Hgp (89)
Yre = fcBse/Hge! (90)
@pp = CpEp/Hp) (91)

and can be used for some benefit, Contrary to the steering law, there is no
unique way to determine the epsilons. One possible solution is given which
proved successful in gimbal stop avoidance and in keeping the vectors well
separated; the implication being that the CMG's have limited freedom of gimbal
movement., All epsilons can be used for gimbal stop avoidance (R-subscript)
but only €40 EB, and EC can be used for a proper distribution (momentum

vector separation; D-subscript) and they are therefore split into two parts:

€, = € + € (92)

14



eB = ERB + €DB (93)

= . 4
€C €RC+ eDC (94)

The distribution only applies for the case of three CMG's. No distribution
is necessary for the two-CMG case (the vectors are already located at their
proper separation and this separation depends upon the sum which cannot be
altered).

Gimbal Stop Avoidance (Rotation Law)

Avoidance of the gimbal stops is treated first, and it is referred to as
the rotation law (R-subscript) in spite of the fact that the distribution law also
uses rotations about the individual momentum vector sums. CMG pair A is
used again for the development. Four gimbal angles are affected by ¢ RAS

i.e., a compromise is necessary, and it is therefore desirable to make ¢
the sum of the individually desirable rotations:

‘Ra T CA11 T a3t T a1zt Case ' (95)

A desirable rotation is such that the gimbal angle magnitude is reduced; i. e. ,

)

6m(i) m () < 0., Therefore each component of €RA was chosen to be of the
form

‘Ami = " KRV mi®Ami (96)
where KR is a fixed gain, Fmi is an odd gimbal angle function, and SAmi isa
modified sign function. The F-functions for the inner gimbal angles are

n

i = [‘51@)] (97)
and for the outer gimbal angles we select

F.. = [R5 - n/4|" (98)

3i [ (3 (1)) ] '

The F-functions for the outer gimbal angles had to be modified because the
center between the stops is at +m/4 for Skylab-A, which is the example used

15



throughout this report. The multiplier R is the ratio of inner to outer gimbal
freedom giving the gimbal angles equal weight at their stops. The fifth power
(n = 5) was found by simulation to be appropriate for three-CMG operation
where for small gimbal angles the distribution (vector separation) should have
preference. For two-CMG operation, however, the first power was found to
be more suitable.

The need for the SAmi—functions arises from the fact that the polarity

of the gimbal rate depends also on the direction of the pair sum with respect to

the individual CMG. To establish the SAmi—functions, a unit vector along

ESA is used with the gimbal rate equations (82) through (87):

Sat1 813'[611(HSA2/HSA) - ey Mgy /Hg )]
= (e H /M) ey, = eyh8y)) (99)
Sa12 ~ 621'[e22(HSA3/HSA) i eZS(HSAz/HSA)}
= ey Hy/Hgp) (€00 = €y5ey) (100)
Sast ~ (813')2613[e11(HSA1/HSA) * eiZ(HSAZ/HSA)]
- (HSAB/HSA)
= (Hy/Hg,) [(e13 Ve g(ey €y * e ppyy) - e23] (101)
Saze © (e21')2e21[ Hopo/Hgp) + ep3(H /HSA]
- (Hgp1/Hgy)
= (Hy/Hg,) [(831 1Pey1(®y5015 * Cy3015) - e11] ’ (102)

For pair B and C we get (through cyclic permutation):

S = (e, Hy/H o) (e ) (103)

Biz 22%35 - ©23%32
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Sc13 = (egp'Hy/Hgp) (6g5eyy - €5 €49 (104)
Sp1s = (e3pHy/Hop)(€gqey, €580 (105)
Spyg = (eggHy/Hg ) (6 eg) -0 ppeg)) (106)
Spap = (Hy/Hgp) [(621')2621(6229’32 * es8gg) - e31] (107)
S = Hy/Hgo) :(632')632(933e13 Tegiyy) - e12: (108)
Spgy = (Hy/Hgp) :(632')e32(e33623 teg18) - ezz: (109)
Sear = (Hy/Hgo) T(e13')e13(e11e31 tepegy) - eyl (110)

All gimbal angles are affected by a rotation about the total angular momentum
and we select

€. = € + € + € + € + € + €, . (111)

Again the selected form is

“rmi = " XRFmitmi (112)

The angle functions Fmi are unchanged. The S_, . terms will be developed

along the same line as the other S-functions (CIT/[nCill serves as an example)
St = e13'[e11(HT2/HT) _'812(HT1/HT)]
= (e Hy/Hp) (e €50 = €1589y)
* (e g Ho/Hp(ey 800 - €19e5y)
= (HgaSpqq * HgeScq)/ By (113)

17



— 1) 2
Srag = (6g3) e13[eii(HT1/HT) ¥ eiz(HTz/HT)] - (Hpy/Hp)

1l

)2 -
(Hy/Hp) [(813) ®13(®11%1 * ©12%) e23]

+

1y2 -
(Hy/H) [(e13 e gey483; + €19835) e33]

)/H . (114)

= (HgpSy 5y + HeeSpay) /By

Cyclic permutation yields for CMG's 2 and 3

Spi2 = (HgpSpio + HgpSsq0)/Hr (115)
St13 = (HgeScqs + HgpSpis)/Br (116)
Staz = HgpSpsa * HsaSasa) /My (117)
Spas = (MgcScas * HepSpag!/Hr (118)

The S-functions will have an upper limit of SL. This provides a

linear range (besides the sign information) which is needed to avoid lirrﬁt
cycling otherwise introduced by the sign changes. The value of SL allows

selection of the linear range and the loss in gain (SL < 1) can be made up by

an increase in KR'

CMG Vector Separation (Distribution Law)

The bulk of the momentum change occurs quite frequently along a well
known axis [5]. If this is the case, one type of distribution law (D-law) can
be applied which will separate the CMG vectors by trying to make them contri-
bute equally (in proportion to their magnitudes) to the angular momentum along
this axis.

Let eN be a unit vector along the bulk of the momentum change (the

orbit normal for Skylab); then the angle between ex and the plane formed by a

vector pair will be maximized by (for pair A as an example)

18



“pa KD“:(-I-{-l/ Hy) - H/Hy) - (He, /Ry, ) (Hy ) /Hg )]

- [(52/ Hy) - Hy/Hy) - (Hg,/H, ) B,/ HSA)]}°9N(119)

The significance of the various terms is illustrated in Figure 3. KD is a con-
stant gain and HN is a nominal momentum used for normalization. - Evaluation

leads to the intermediate step
_ _ _ 2 12 2 .
pa - Kp/Hy) [Hy - H, - (Hf - Hp) (5, +Hy)/Hg, Pl ey o (120)

The third term in the brackets shows that it vanishes when the magnitudes of
the angular momentum vectors are equal. Further evaluation yields

_ 2y [y 2 _ 2 )
€pa = Kp/HGH HFES + Hy OB - P+ Hp OB ]- e (121)
with HDA = 1{_1 . _Iiz [cf. equations (28) and (29)]. It should be noted that
_ 2 2 ‘
Hop ¥ Bpy = Hy v Hp R, - |7+ Hy OH, (122)
With this equality and the use of cyclic permutations we get
= 2 . ¢
“pa = Rp/HyHg ) (Hg, x Hp ) - ey (123)
= 2 .
‘pp = Kp/Hytgp) Hgp * Hpp) * ey (124)
= 2 .
‘pc = (Kp/HyHge") Hgn x Hpo) - ey (125)

This form results in an isogonal3 distribution about the total angular

momentum vector ET if EN is along ET’ if all CMG momentum magnitudes are

equal, and if there is no rotation law effective (KR = 0). Otherwise, a com-

promise results between the tendencies to spread the vectors and to reduce the
gimbal angles.

3. A distribution of three control moment gyros of equal momentum magnitude
which contrikute equally to their total momentum. This distribution results
in equal angles between the individual momentum vectors and the total vector
and equal angles between the vectors themselves.
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A positive KR yields a right-handed and a negative KRyields a left-handed

configuration (looking down on e, , right-handed means a sequence of H

N’ 1
Eg}. Both configurations are stable. The location of the gimbal stops with

_H -
—2

respect to e, determines which of the two configurations is preferable.

N

TOTAL CMG ANGULAR VELOCITY COMMANDS

The CMG angular velocity commands from the various sources can
be vectorially added to form the total CMG angular velocity commands:

+ + + +w -
L@y = Opp F @pay T @00 T Qpoy Y Qpa Y Ype T YR T &y

(126)

+ + + tw_ o+ w -
Wy = @upt Dppy T Oup T Qpas T Ypp T Ypa T Ypt T Ly

(127)

+ + + +w_ -
Wg = Dpct Opey T Uxp T Cpps T Yre T YRp T YR T~ v
(128)

CONCLUSIONS

A no-crosscoupling control law for double-gimbaled CMG's can be

developed using easily understandable kinematic rélationships. The control

law is based on a CMG pair as the smallest unit, which can give a no-
crosscoupling control law; but the law lends itself to easy expansion to the
control of any number of CMG's as shown by the expansion to three CMG's.
The development is based on the restriction that the CMG's have fixed momen-
tum magnitudes, though the individual magnitudes are not necessarily equal to
each other. Urnequal magnitudes resulted for the two-CMG case in an upper

as well as a lower limit for the total angular momentum. The lower limit
approaches zero when the momentum magnitudes become equal, which
therefore is a desirable characteristic.
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APPENDIX A

CONTROL LAW FOR NOMINAL ANGULAR MOMENTUM MAGNITUDE

If the assumption is made that the angular momentum magnitude of
each of the CMG's is equal to the nominal value HN, simplification and norma-

lizations can be applied. We have

B = B (AL)
H, = & (42)
Hy = Hy& (A3)

where the e's are unit vectors along the CMG's angular mementum {equations
(76) to (78)] whose components usually are available from gimbal resolver
chains. Using pair A as an example we also have

Hgy = Hyfle, + &)
= HnCsa (A44)
Hp, = Hy(ey x gy
- e, @9
The relation H1 = H2 = HN leads to a, = -a, =« and this results in
(i=1,2)
(Hi2 + Hp,) = (HNZ + HNZOZa)
= 2(HNca)2
= 2(Hg,/2)% . (A6)

4, This simplified version is presently used for control of the CMG's on
Skylab-A.
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Consequently we have

2 2 _
(H? + Hp ) /H,* = 1/2 . (A7)

Normalized Steering Law

Introduction of the above normalizations and simplifications yields

= 2 2 2 .

“xA [ePA/ (eSA Eep)} (ESA X 90) (A8)
with

8o = T /Hy (A9)
and

2 _ 2 2 2

ZeP ePA + ePB + ePC . (A10)

We now have (w. = w_,)

pA1 ZpA2 ~ =pA
- o 2 ,
=pA [(ESA g/ (2261))] ZpA (A11)

With H1 = Hz = H__it is now possible that the sum H_+ Ez goes to zero

1
being indeterminate since the cross product goes to

N

which will result in QX A

zero simultaneously. This can be avoided by the relationship

(ePA/eSA)2 (s20)%/ (2car)?

= sy

1 - ¢

il

9y 2 ‘
1 - (eSA/z) . (A12)

With equation (A12), ng of equation (A8) becomes
- _ 2 2 : .
Wyn [(1 eSA/4> /Zep] (egy X o) (A13)
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The pair rate commands for nominal H

for completeness)

N

are (pair A commands are repeated

ZXA = i<1 - 'eSA2/4) /zelg (egp X &) (A14)
Wep = i(1 - ey /4 /zelg: (egp ¥ &) (A15)
W = :(1 - eSC2/4>/ze}§:(gSC>< é.) (A16)
2pA (eSA " &) (22'3 )] Zpa (A17)
“pp - (eSB © &) (Ze )] °pB (Aa18)
“pc (Esc (226 >] Spc (A19)
For the nominal H case (H1 = H2 = 3 = HN) the CMG angular velocity
commands are
9 T Oyn T @pa T Oxe T Ope - Sy (A20)
@y T gt Cpp T Cxp T py - Oy (a24)
@y = Sxc * Lpo T Oxp ~ Lpp - Gy (Aaz2)

Normalized Rotation Law

When normalization is introduced, equations (88) to (91) change into

CRINRITN AN,
R A G
Ype T “clesc’Csc
@pr = rlep/er)

(A23)

(A24)

(A25)

(A26)
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where

e =e¢e, +e_ -+ e

=T

-1

-2 3

The S-functions are also affected and change into
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SA11

SA12

SB12

SB13

SC13

SCl1

ST11

ST12

ST13

§A31

SA32

SB32

SB33

SC33

C31

Il

(&5

' -
(€gy'/€gp) (€508, 3

'eqrn) (

(€517 %sp

1
(€35"/8gp) (63589,

/

!
(e35'/€ga) (€533,

(e,5"

(esaSa11 + Csc

( S

(e, .S

scSc1s * ®scic1s
[(C15") ©13(814% *
[(e21") €p1 (8985 *
[(eg1") €g1(8pqy +
[(egy") eg5(eg500; *
[(e35") €p(e558 5

' e +
[(613) €13(81,834

st (11899 -

€22%33 ~
~ ®31%3
" ©31%3
esc) (1139 -

s
es8 B12 T CsaSa12)/®

)/e

€19891)

©53%12)
©53%32)
)
)

©12%31’

Scil)/eT

T

T

€19%95)

®53%13
®3%35)
®31%21)
€31%11)

©19%39)

- e5] %6
- eil]/eSA
- e3,)/%sn
- ©y5)/°p

- 5] ey

®33]/®sc

(A27)

(A28)

(A29)

(A30)

(A31)

(A32)

(A33)

(A34)

(A35)

(A36)

(A37)

(A38)

(A39)

(A40)

(A41)



that H,
i

Sta1 = (®saSast * CscScat!/er (A42)
Sraz = (®sESmaz * ®saSasz)/er (A43)
Stas = (gcSc3z * Csom3s!/er (Ad4)

All other equations stay the same [equations (95) to (98), (111)and (112)]

Normalized Distribution Law

Equation (120) of the distribution law allows easy change for the case

= HN which results in

‘pa = Kpl&y ~ &) " ey (A45)
‘o = Kpl&y ~ &) " ey (446)
‘oc =~ KpEy - &) - ey - (A47)
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APPENDIX B

PROOF OF TORQUE EQUIVALENCE

In the following development the proof is given that the actual torque T
is equal to the commanded torque under the assumption that the commanded
and the actual gimbal rates are equal.

Several identities are needed for the development and are given first,

(V1 X Vz) X V3 = (V1 . V3)V2 - (Vz . V3)V1 (B1)

where the V's are arbitrary vectors.

2 _ 11 2y 2.2 _
HPA Hins (ozz ozl)
_ 237 2 _ 217 2.2 _
H1 5 Hinc (oz2 al)
_ 2y 2 _ 2
H1H2 HDA . (B2)

The torque applied to the CMG's is (the opposite of this torque is the
torque on the vehicle)

T = (30_1+_¢_V)><E1+ (9_2+g}_v)><_112+ (@ + &) x Hy - (B3)

With equations (61) and (63) we get

+ W

Yxc T @poy) X B

T = (w, H,

xA T “pat

w w ) x H

+ Yppo T Yxa T Lpan’ X

+
Y5B

w + W (B4)

* (@ye T Cpes t Cxp T Cpps) X Y

or
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= +
T =@ x @ +H)+opx Hy+H)+ oy x (Hy+ 1)
H,
tWpag X T @ X Byt wpp, X Hy + @pps X Hy
X H +w x H . (B5)

T 2pc3 —PC1 -t
Further development with equations (52) to (60) and (B1) yields

T = [HpyY (Hea'2Hp)| (g, XIC) ‘o
[ ()] 20 <25]
[ /(H ‘zH )] (Hoo X L) X Hyo

[H22+ HDA (Hy, - )/(H 25H ] (B, xH,) x H

+

—C 1

[(Hiz " HDA) Hgp = I)/ (H =H )] (Hy xHy) > H,
[(Hsz " HDB) Hsp - -T-C)/(H 71 )] (Hyx Hy) <8,
)/ (HSBZZHIE) (HyxHy) x H,

Hep' T
2 . 2 2Y]
¥ [(H g HDC> By " Ig)/ (Hsc ZHP) (HyxH) <X,
Heo o T

+

+

(B6)

2 .
* [Hs +HDC>( C

i [HPCZ/ (HSCZZH 1§>] [Hsczic - B IC)ESC]

¥ [(sz ¥ HDA) Hgy - L)/ (HSAzzH 12>>_ ;Hfﬂz il HDA—i:

+ [(le+ HDA> (Hy, - To)/ (HSAZZHIZD): -H22H1 HDAHQ_

¥ [(H32+ HDB) g L)/ (HSBZZHIZD j 1,8, HDBH2:

" [<H22+ HDB) g+ L)/ (HSBZZH£2>>] HPH, - HpoH, |

o (1 ) Wy - T/ (ugd=m ) | [, - oty |

i [(H.f ¥ HDC) Hye - L)/ (HSCZZH ;)] [H12H3 - HDCEJ (B7)



= [l g )R] T

- [Hp/(ugmng)] gy - T,
- [Hpg/ (sp2115)] (g Zo)Hgg
- [ec” (sc'=13)] s * ZoiBsc

2 2 _H2 H + HZ 2
i (HzHiﬂz o Hpaly T Hp My - Hp By

217 2 2 H 2 H 2
FHH ) - HoHp By + Hpp By - Hpa 2) N —T—c)/( sa ~Hp )

2y 2y _ |2 H + H 2 H 2
+(H3H2H3 s ippts * HppHaHs - Hpply

+HYHSH, - HPHp Ho o+ Hp HOH, - Hp H 3) (Hyg+ T/ (HSBZZHP>
¥ (H12H3251 - HHp ol + HpoHyHy - HpoHy
+ HJHHy - HiHpOH) + Hy o HH

- H JH 1) (Hyo )/( 25H ) . (B8)

Equations (42) and (B2) allow the reduction of equation (B8) to
T =
Tg

- v yMm. 2=n2Y|@H. - T )H
pA’/\"sa " p )| Ssa T 2¢/ZsA-

(B9)
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showing that

which was to be proven.

(B10)
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